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ABSTRACT
Aims. We assess the validity of the free magnetic energy – relative magnetic helicity diagram for solar magnetic structures.
Methods. We used two different methods of calculating the free magnetic energy and the relative magnetic helicity budgets: a classical,
volume-calculation nonlinear force-free (NLFF) method applied to finite coronal magnetic structures and a surface-calculation NLFF
derivation that relies on a single photospheric or chromospheric vector magnetogram. Both methods were applied to two different data
sets, namely synthetic active-region cases obtained by three-dimensional magneto-hydrodynamic (MHD) simulations and observed
active-region cases, which include both eruptive and noneruptive magnetic structures.
Results. The derived energy–helicity diagram shows a consistent monotonic scaling between relative helicity and free energy with a
scaling index 0.84±0.05 for both data sets and calculation methods. It also confirms the segregation between noneruptive and eruptive
active regions and the existence of thresholds in both free energy and relative helicity for active regions to enter eruptive territory.
Conclusions. We consider the previously reported energy-helicity diagram of solar magnetic structures as adequately validated and
envision a significant role of the uncovered scaling in future studies of solar magnetism.
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1. Introduction
Both current-carrying (i.e. “free”) magnetic energy and mag-
netic helicity are considered to play an important role in
active region (AR) evolution and dynamics (LaBonte et al.,
2007; Georgoulis et al., 2012; Tziotziou et al., 2012, 2013).
In ARs, considerable magnetic flux emergence (∼ 1022 Mx,
Schrijver & Harvey, 1994) tends to build up strong opposite-
polarity regions, sometimes separated by highly sheared polarity
inversion lines. Such regions deviate strongly from the “ground”
current-free (potential) energy configuration, and free magnetic
energy quantifies the excess energy on top of this “ground”
energy state. It builds up through the continuous flux emer-
gence on the solar surface and, to a lesser extent, by other pro-
cesses, such as coronal interactions (Galsgaard et al., 2000) or
photospheric twisting (e.g., Pariat et al., 2009). Magnetic free
energy is released in the course of solar eruptions (flares and
coronal mass ejections [CMEs]) and of smaller-scale dissipative
events (subflares, jets, etc.). Magnetic helicity, on the other hand,
quantifies the distortion (twist, writhe) and linkage of the mag-
netic field lines compared to their potential-energy state (e.g.,
Moffatt & Ricca, 1992; Berger, 1999). It mainly emerges from
the solar interior via helical magnetic flux tubes or is generated
by solar differential rotation, photospheric turbulent shuffling, or
peculiar motions in ARs. Contrary to free energy, magnetic he-
licity cannot be efficiently removed by magnetic reconnection in
high magnetic Reynolds-number plasmas (Berger, 1984), and if
not transferred during reconnection events to larger scales via
existing magnetic connections, it has to be bodily expelled from
the AR in the form of CMEs (Low, 1994; DeVore, 2000).
Derivation of the instantaneous free magnetic energy and
relative (with respect to the potential field in a closed vol-
ume) magnetic helicity budgets in an observed AR is mainly
based on temporal integration of an energy/helicity injection
rate (Berger & Field, 1984) or on evaluation of classical ana-
lytical formulas (Finn & Antonsen, 1985; Berger, 1999) with
the required three-dimensional magnetic field derived from ex-
trapolations of an observed lower photospheric boundary. Both
methods involve significant uncertainties and ambiguities, stem-
ming respectively from the dependence of energy/helicity in-
jection rates on the determination of the photospheric velocity
field (e.g., Welsch et al., 2007) and the model-dependent nonlin-
ear force-free (NLFF) field extrapolations (e.g., Schrijver et al.,
2006; Metcalf et al., 2008, and references therein). However, for
a fully known three-dimensional magnetic field configuration,
self-consistently derived with magneto-hydrodynamic (MHD)
numerical simulations, analytical formulas should provide a cor-
rect estimate of free-energy/helicity budgets. In this case, possi-
ble uncertainties mainly rise from the assumptions adopted in
the calculations of the potential field and the calculation of re-
spective vector potentials. Typically, the potential field in lo-
calized solar structures (e.g., ARs) is calculated in the semi-
infinite volume above a planar lower boundary (e.g., Schmidt,
1964; DeVore, 2000). Such calculations were recently revised by
Moraitis et al. (2014) to infer the potential field in a finite vol-
ume filled by a nonpotential field, while Valori et al. (2012a,b)
revised the calculation of the vector potential in finite, bounded
volumes. These developments enabled the precise volume calcu-
lation of magnetic energy and relative magnetic helicity budgets
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in three-dimensional MHD models of solar magnetic structures
via the classical formulation.
In reality, however, since the three-dimensional coronal mag-
netic structure of ARs is unknown, Georgoulis et al. (2012) pro-
posed a new NLFF method that calculates the instantaneous en-
ergy and helicity budgets from a single (photospheric or chro-
mospheric) vector magnetogram and used it to study the evolu-
tion of these quantities in solar ARs and their role in AR dy-
namics (Tziotziou et al., 2012, 2013). This method relies on the
magnetic connectivity inferred by applying physical arguments
to observed photospheric or chromospheric magnetic structures
and has been recently validated and benchmarked with three-
dimensional coronal structures from MHD models and extrap-
olations of observed AR magnetograms (Moraitis et al., 2014).
A major finding of the method, resulting from its application to
tens of ARs, is the so-called energy-helicity (EH) diagram of
solar ARs (Tziotziou et al., 2012). This diagram shows a nearly
monotonic dependence between the two quantities and the ex-
istence of thresholds of 4 × 1031 erg and 2 × 1042 Mx2 for free
energy and relative helicity, respectively, for an AR to enter erup-
tive territory. This EH diagram has also been verified with a
timeseries of magnetograms of a single AR (NOAA AR 11158,
Tziotziou et al., 2013) and has also been found to hold for quiet-
Sun regions (Tziotziou et al., 2014). However, the EH diagram
has not yet been validated with a different method for deriving
the free magnetic energy and relative magnetic helicity budgets.
In this study we are using both the classical formulas and
the recently proposed NLFF method of Georgoulis et al. (2012)
for both synthetic MHD-derived ARs and extrapolations of ob-
served ARs to further assess the validity of the EH diagram,
hence the previously reported monotonic scaling between free
magnetic energy and relative magnetic helicity. Section 2 briefly
describes the methodology used, with data and results respec-
tively discussed in Sections 3 and 4, while Section 5 summarizes
and discusses our findings.
2. Methodology
We employ two methods for calculating the instantaneous
free magnetic energy and relative magnetic helicity budgets
of bounded, three-dimensional magnetic structures. The first
method is the connectivity-based NLFF method introduced by
Georgoulis et al. (2012), which requires a single photospheric
or chromospheric vector magnetogram for deriving a unique
magnetic-connectivity matrix that relies on a magnetic flux-
partition solution for this magnetogram. Such a matrix is derived
by means of a simulated annealing method (Georgoulis & Rust,
2007) and contains the flux committed to connections between
positive- and negative-polarity flux partitions. Nonzero flux ele-
ments of this connectivity matrix define a collection of N mag-
netic connections, treated as slender force-free flux tubes with
known footpoints, flux contents, and variable force-free parame-
ters α. The free magnetic energy, which represents a lower limit
(see Georgoulis et al., 2012), and the respective relative mag-
netic helicity H are given by
Ec = Aλ2
N∑
l=1
α2l Φ
2δ
l +
1
8pi
N∑
l=1
N∑
m=1,l,m
αlL
arch
lm ΦlΦm (1)
H = 8piλ2A
N∑
l=1
αlΦ
2δ
l +
N∑
l=1
N∑
m=1,l,m
Larchlm ΦlΦm , (2)
where λ is the pixel size of the magnetogram, A and δ are known
fitting constants, Φl and αl are the respective unsigned flux and
force-free parameters of flux tube l, and Larchlm is the mutual-
helicity factor describing the interaction of two arch-like flux
tubes (De´moulin et al., 2006; Georgoulis et al., 2012). Details
of the method, parameters, and respective uncertainties are de-
scribed in Georgoulis et al. (2012).
The second method uses the analytical expressions for free
magnetic energy and relative magnetic helicity for a three-
dimensional magnetic field B occupying a finite, bounded vol-
ume V, relative to the current-free (potential) magnetic field Bp,
given by
Ec =
1
8pi
∫
V
dV (B2 − B2p) =
1
8pi
∫
V
dV (B − Bp)2 (3)
H =
∫
V
dV (A + Ap) · (B − Bp) (4)
where A, Ap are the generating vector potentials of the fields B
and Bp, respectively. From the two equivalent expressions for the
free energy, the first is used, however if it yields a negative value,
then the mean of the two expressions is taken. The potential field
Bp is equal to −∇ϕ, where ϕ is a scalar potential, and it is derived
by solving Laplace’s equation∇2ϕ = 0 in V under the Neumann
boundary conditions
∂ϕ
∂nˆ
∣∣∣∣∣
∂V
= − nˆ · B|∂V . (5)
Under such boundary conditions, B and Bp have the same nor-
mal components on all boundaries ∂V of the finite volume V,
contrary to the semi-infinite solution of Schmidt (1964), where
this holds only at the lower boundary. Derivation of the cor-
responding vector potentials A and Ap is achieved with the
method proposed by Valori et al. (2012a,b) as implemented by
Moraitis et al. (2014). Details of the aforementioned analyti-
cal method, the chosen integration methods, and a derivation
of uncertainties are provided in Moraitis et al. (2014). While
the three-dimensional MHD simulations used here have a given
normal-field solution on all boundaries of the simulation vol-
ume, this solution is not a priori known for the extrapolated
ARs. In these cases the lateral- and top-boundary normal-field
solutions are provided by the NLFF field extrapolation used (see
Section 3 below).
3. Data description
For our analysis we use the same data sets as in Moraitis et al.
(2014). These consist of timeseries of a) two synthetic MHD
cases, a non-eruptive and an eruptive one, derived with three-
dimensional, time-dependent, and resistive numerical MHD ex-
periments (e.g., Archontis et al., 2014), and b) two observed
ARs, the non-eruptive NOAA AR 11072, and the eruptive
NOAA AR 11158. Photospheric vector magnetic field ob-
servations of the latter were acquired with the Helioseismic
and Magnetic Imager (HMI; Scherrer et al., 2012) onboard the
Solar Dynamics Observatory (SDO; Pesnell et al., 2012), while
their three dimensional magnetic field configuration was de-
rived with the nonlinear force-free field extrapolation method
of Wiegelmann (2004). The azimuthal 180◦ ambiguity in the
photospheric SDO/HMI vector magnetograms was resolved by
the nonpotential field calculation (NPFC) method (Georgoulis,
2005; Metcalf et al., 2006).
To derive the instantaneous free magnetic energy and rela-
tive magnetic helicity budgets with the first surface-calculation
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Fig. 1. Free magnetic energy – relative helicity diagram for synthetic (lower left) and observed (upper right) ARs by means of their
volume-calculated (red symbols) and surface-calculated (blue symbols) budgets. Eruptive (non-eruptive) AR cases are denoted by
diamonds (circles). The respective least-squares best fits are denoted by the thick orange (observed ARs) and green (MHD-simulated
ARs) lines. Gray symbols denote previous results on the EH diagram with asterisks corresponding to ARs (Tziotziou et al., 2012)
and squares corresponding to quiet-Sun regions (Tziotziou et al., 2014); their respective least-squares best fits are denoted by solid
black lines. The dotted horizontal and vertical lines correspond to the previously reported (Tziotziou et al., 2012) thresholds of free
magnetic energy (4 × 1031 erg) and relative magnetic helicity (2 × 1042 Mx2) for ARs to enter eruptive territory.
NLFF method (hereafter surface method), we use the syn-
thetic lower-boundary and observed photospheric vector mag-
netograms for the MHD and observed cases respectively. On
the other hand, to derive the energy/helicity budgets with the
classical method (hereafter volume method), we use the corre-
sponding three-dimensional field for the MHD cases and the ex-
trapolated three-dimensional field for the observed ARs. In the
present analysis, we do not comment on the temporal evolution
of energy and helicity in models and observed data, but we treat
each calculated budget as part of an independent pair of energy
and helicity values for use in the EH diagram.
4. Energy-helicity diagram of synthetic and
observed cases
Similarly to Tziotziou et al. (2012), and Tziotziou et al. (2013),
we now construct the EH diagram for the two pairs of observed
and synthetic ARs. Both the semi-analytical, volume-calculated
and the NLFF results are included in the plot. The results are
shown in Figure 1.
Tziotziou et al. (2012) worked on a data set of 42 different
observed ARs and reported a scaling relation |H| ∝ E0.897c be-
tween the amplitude |H| of the total relative helicity and the free
energy Ec in the EH diagram. For quiet-Sun regions, the respec-
tive scaling reported by Tziotziou et al. (2014) was |H| ∝ E0.815c .
For the two observed ARs of this study, and including both
NLFF and volume-calculation methods, we find
|H| ≈ 3.319 × 1015E0.851c , (6)
while the best fit for the synthetic ARs gives
|H| ≈ 6.45 × 1015E0.79c . (7)
Evidently, therefore, both NLFF and volume-calculation meth-
ods for both observed and synthetic data give rise to a very simi-
lar EH scaling between the relative magnetic helicity and the free
magnetic energy. The global nature of this free-energy/relative-
helicity scaling is reported here for the first time and warrants
additional investigation. As already stressed by Tziotziou et al.
(2012), however, scatter in the EH diagram should not be at-
tributed solely to numerical effects and uncertainties: deviations
are expected in case of confined eruptions in ARs, where mag-
netic energy is released, but relative helicity is roughly con-
served. The extent and impact of this effect on the above EH
scaling may be the subject of a future investigation.
In other findings from Figure 1, notice that (i) the eruptive
NOAA AR 11158 shows relative helicity and free energy above
the eruptive thresholds reported by Tziotziou et al. (2012), while
the respective budgets for the noneruptive NOAA AR 11072 fall
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below these thresholds, and (ii) a similar segregation between
the eruptive and the noneruptive cases exists for the synthetic
data, as well.
5. Discussion and conclusions
We have constructed a comprehensive EH diagram of solar
ARs using a) two different NLFF methods, namely a clas-
sical volume-calculation method (Eqs. 3 and 4) that derives
the free magnetic energy and relative helicity budgets from
the three-dimensional magnetic field, and a surface-calculation
method (Eqs. 1 and 2) that is essentially a magnetic connectivity-
based calculation of these two budgets from a single pho-
tospheric vector magnetogram, and b) both synthetic three-
dimensional MHD and observed/extrapolated ARs. As already
mentioned, both methods and both data sets show (i) a very
similar scaling between relative magnetic helicity and free mag-
netic energy, such as the one derived by Tziotziou et al. (2012)
for ARs, Tziotziou et al. (2013) for NOAA AR 11158, and
Tziotziou et al. (2014) for quiet-Sun regions, with a scaling in-
dex 0.84±0.05, (ii) the existence of thresholds in both free en-
ergy and relative helicity for eruptive behavior in observed ARs
(Tziotziou et al., 2012, 2013), and (iii) a similar segregation be-
tween eruptive and non-eruptive helicity/energy budgets for syn-
thetic MHD data. It should be noted that the scaling between
free magnetic energy and relative helicity holds despite the dif-
ference by a factor of up to ∼ 3 (Moraitis et al., 2014) between
respective budgets derived by the two methods. These findings
further attest to the robustness of the scaling relation between
free magnetic energy and relative magnetic helicity in solar mag-
netic structures and provide a strong validity assessment of the
surface NLFF method as compared to the classical energy and
helicity calculation method.
There is significant scatter in the EH diagram, especially as
free energy and relative-helicity values become lower (i.e., for
the noneruptive MHD and observed cases). Apart from the oc-
currence of confined magnetic-reconnection events, where en-
ergy is dissipated but relative helicity is roughly conserved, re-
sulting in departures from the scaling law, the scatter could also
be attributed to a) uncertainties in the surface and volume cal-
culations, b) the marginal lower boundary response to dynamic
changes of the three-dimensional coronal field as a result of AR
evolution or eruptions, and c) the incoherent nature of helicity
for the weaker flux, noneruptive AR, and quiet-Sun cases. This
incoherence, in terms of relative helicity, was briefly discussed
by Tziotziou et al. (2014) for quiet-Sun magnetic structures, can
be seen in Fig. 1 as a step change in relative helicity as opposed
to a smoother progression toward lower values in the free energy,
compared to ARs. This helicity incoherence can be attributed to
the lack of a dominant helicity sense in quiet-Sun regions and
will be investigated in more detail in a forthcoming work.
The lower value part of the EH diagram, corresponding to
synthetic MHD cases, seems to be a rather continuous, smooth
progression in both free energy and relative helicity with respect
to quiet-Sun values. We believe that this effect is incidental and
should not be attributed to an incoherence of helicity in the MHD
cases, but rather to the lower mean amplitude of magnetic field at
the chosen lower boundary (middle of the photosphere) in these
synthetic AR cases. These simulations - albeit corresponding to
magnetized plasma (β¡1) even at photospheric heights - show,
at this lower boundary, nearly two orders-of-magnitude weaker
photospheric fields compared to observed ARs. Translated to
magnetic helicity, weaker flux by a factor of 102 should corre-
spond to smaller helicity amplitudes by a factor of 104, hence
the result of Fig. 1. Nonetheless, the dominant sense of helicity
in MHD cases is guaranteed by the physical setup of the simula-
tion, namely the buoyant emergence of a twisted flux tube.
In conclusion, we have reported in previous works
(Tziotziou et al., 2012, 2013, 2014) that a robust scaling rela-
tion exists between the free magnetic energy and the relative
magnetic helicity in nonpotential solar magnetic structures. This
scaling, reflected in the relation —H— ∝ E0.84±0.05c , has been ad-
equately validated in this work and should be taken as a fact in
future investigations. The pertaining question corresponds to the
physical reasoning of this scaling, however. Possible links to the
pre-eruption evolution of eruptive ARs (Tziotziou et al., 2013),
the possible existence of an upper bound on helicity with re-
spect to the photospheric flux and morphology (Zhang & Flyer,
2008), the tendency of the majority of ARs to be noneruptive, or
the similarities and distinctions between active regions and the
quiet Sun (e.g., Solanki, 2003; Akasofu, 2014) should all be con-
sidered thoroughly, and may pave the way to further understand
the nature and puzzles of solar magnetism.
Acknowledgements. We thank the referee, M. A. Berger, for his support and en-
couragement. This research has been carried out in the framework of research
projects hosted by the RCAAM of the Academy of Athens. The observations
used are courtesy of NASA/SDO and the HMI science team. We thank X. Sun
and Y. Liu for the provided magnetic field extrapolations of NOAA AR 11158.
The simulations were performed on the STFC and SRIF funded UKMHD cluster
at the University of St Andrews. VA acknowledges support by the Royal Society.
This work was supported from the EU’s Seventh Framework Program under
grant agreement no PIRG07-GA-2010-268245. It has been also cofinanced by
the European Union (European Social Fund – ESF) and Greek national funds
through the Operational Program “Education and Lifelong Learning” of the
National Strategic Reference Framework (NSRF) – Research Funding Program:
Thales. Investing in knowledge society through the European Social Fund.
References
Akasofu, S.-I. 2014, Geophys. Res. Lett., 41, 3698
Archontis, V., Hood, A. W., & Tsinganos, K. 2014, ApJ, 786, L21
Berger, M. A. 1984, Ph.D. Thesis
Berger, M. A. 1999, Plasma Physics and Controlled Fusion, 41, 167
Berger, M. A., & Field, G. B. 1984, Journal of Fluid Mechanics, 147, 133
De´moulin, P., Pariat, E., & Berger, M. A. 2006, Sol. Phys., 233, 3
DeVore, C. R. 2000, ApJ, 539, 944
Finn, J. M., & Antonsen, T. M., Jr. 1985, Commun. Plasma Phys. Controlled
Fusion, 9, 111
Galsgaard, K., Parnell, C. E., & Blaizot, J. 2000, A&A, 362, 395
Georgoulis, M. K. 2005, ApJ, 629, L69
Georgoulis, M. K., & Rust, D. M. 2007, ApJ, 661, L109
Georgoulis, M. K., Tziotziou, K., & Raouafi, N.-E. 2012, ApJ, 759, 1
Georgoulis, M. K., Titov, V. S., & Mikic´, Z. 2012, ApJ, 761, 61
LaBonte, B. J., Georgoulis, M. K., & Rust, D. M. 2007, ApJ, 671, 955
Low, B. C. 1994, Physics of Plasmas, 1, 1684
Metcalf, T. R., Leka, K. D., Barnes, G., et al. 2006, Sol. Phys., 237, 267
Metcalf, T. R., De Rosa, M. L., Schrijver, C. J., et al. 2008, Sol. Phys., 247, 269
Moffatt, H. K., & Ricca, R. L. 1992, Royal Society of London Proceedings Series
A, 439, 411
Moraitis, K., Tziotziou, K., Georgoulis, M. K., & Archontis, V. 2014, Sol. Phys.,
doi: 10.1007/s11207-014-0590-y, arXiv:1406.5381
Pariat, E., Antiochos, S. K., & DeVore, C. R. 2009, ApJ, 691, 61
Pesnell, W. D., Thompson, B. J., & Chamberlin, P. C. 2012, Sol. Phys., 275, 3
Scherrer, P. H., Schou, J., Bush, R. I., et al. 2012, Sol. Phys., 275, 207
Schmidt, H. U. 1964, NASA Special Publication, 50, 107
Schrijver, C. J., & Harvey, K. L. 1994, Sol. Phys., 150, 1
Schrijver, C. J., De Rosa, M. L., Metcalf, T. R., et al. 2006, Sol. Phys., 235, 161
Solanki, S. K. 2003, A&A Rev., 11, 153
Tziotziou, K., Georgoulis, M. K., & Raouafi, N.-E. 2012, ApJ, 759, L4
Tziotziou, K., Georgoulis, M. K., & Liu, Y. 2013, ApJ, 772, 115
Tziotziou, K., Tsiropoula, G., Georgoulis, M. K., & Kontogiannis, I. 2014, A&A,
564, A86
Valori, G., Green, L. M., De´moulin, P., et al. 2012, Sol. Phys., 278, 73
Valori, G., De´moulin, P., & Pariat, E. 2012, Sol. Phys., 278, 347
Welsch, B. T., Abbett, W. P., De Rosa, M. L., et al. 2007, ApJ, 670, 1434
Wiegelmann, T. 2004, Sol. Phys., 219, 87
4
Tziotziou et al.: Validation of the E-H diagram of magnetic structures
Zhang, M., & Flyer, N. 2008, ApJ, 683, 1160
5
